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Abstract. In the setting of M. d with an n— dimensional measure 
fi, we give several characterizations of Lipschitz spaces in terms of 
mean oscillations involving /i. We also show that Lipschitz spaces 
are preserved by those Calderon-Zygmund operators T associated 
to the measure fi for which T(l) is the Lipschitz class 0. 



1. Introduction 

In the sequel M. d will denote the euclidean space of vectors x = 
(x\, . . . ,Xd) with d real components and fi a Radon n— dimensional 
measure on M. d . We say that \i is an n— dimensional measure, n G 
JR., < n < d, if it satisfies the following growth condition: There is a 
constant C such that 

(1.1) fi(B(x,r)) < Cr n 

for every ball B(x, r) with center x G M. d and radius r > 0. This allows, 
in particular, non-doubling measures. 

The study of Calderon-Zygmund operators associated to an 
n— dimensional measure was carried out, in the Lebesgue spaces, by 
Nazarov, Treil and Volberg (see [|NTV1| , [NT V2fl ) and also by Tolsa (see 



Tol, P?o2|| ). Further results, dealing with BMO and H l and providing 
boundedness criteria in the spirit of the T(l) or T(b) theorems, were 
obtained as well (see ||NTV3| , |MMNO| , fToH ) 
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In [CjG| we have also studied the theory of fractional integral oper- 



ators associated to an n— dimensional measure /i on Lebesgue spaces 
and Lipschitz spaces. 

The present paper is devoted to further study the Lipschitz spaces as- 
sociated to an n— dimensional measure \x on M. d and Calderon-Zygmund 
operators associated to \i on these spaces. 

In section 2, we obtain several characterizations in terms of mean 
oscillations of functions in the Lipschitz spaces associated to //. Then 
these characterizations are used in section 3 to establish the bounded- 
ness of Calderon-Zygmund operators. 

From now on, all balls that we consider will be centered at points in 
the support of /i. 

2. Characterization of Lipschitz spaces 
In order to prove the main theorem of this section we will need the 



following known definition and lemma (see ||To3 



Definition 2.1. Let /3 be a fixed constant. A ball B is called (3— doubling 
if 

H(2B) < Pfi(B). 

Lemma 2.2. Let f e L[ oc (/i). If (3 > 2 d , then, for almost every x with 
respect to //, there exists a sequence of (3— doubling balls Bj = B(x,rj) 
with Vj — > 0, such that 

J-oo ^(Bj) J Bj 

Proof. We will show that for almost every x with respect to \x there is 
a (3— doubling ball centered at x with radius as small as we wish. This 
fact, combined with the differentiation theorem, completes the proof of 
the lemma. 

We know that for almost every x with respect to /i 
(2.1) lim >Q 

(differentiation of n with respect to Lebesgue measure, see |jMf). Now 
for x satisfying ( |2.1|) take B = B(x,r) and assume that none of the 
balls 2~ k B, k > 1, is (3— doubling. Then it easy to see that fi(B) > 
(3 k fi{2- k B) for all k > 1. Therefore 

^(2- k B) < ^ fc Mg) 



(2-h r )d \p J r 
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Note that, since (3 > 2 d , the right hand side tends to zero for k — > oo, 
which is a contradiction. 

□ 

Now we can state and prove the main result of this section. 

Theorem 2.3. For a function f G L\ oc (ii), the conditions I, II, and 
III below, are equivalent 

(I) There exist some constant C\ and a collection of numbers f B ,one 
for each ball B, such that these two properties hold: For any ball 
B with radius r 

(2-2) J \f(x) - f B \ dfi(x) < C ir a , 

and for any ball U such that B C U and radius (U) < 2r. 

(2.3) \f B -fu\<C x r«, 

(II) There is a constant C 2 such that 

(2-4) \f(x)-f(y)\<C 2 \x-y\ a 

for fi— almost every x and y in the support of fi. 
(Ill) For any given p, 1 < p < oo, there is a constant C(p), such that 
for every ball B of radius r, we have 

(2.5) f-L jf \f(x) - m B (f)\ p dfi(x)) /P < C(p)r a , 

where m B (f) = t^t j B f{y) d/x(y) and also for any ballU such 
that B C U and radius (U) < 2r. 

(2.6) \m B (f)-mu(f)\ <C(p)r a , 

In addition, the quantities: infCi, inf C 2 , and mfC(p) with a fixed 
p are equivalent. 

Proof. (I) =^> (II). Consider x as in the Lemma and let Bj = B(x, r 3 -), j > 
1, a sequence of (3— doubling balls with rj — > 0. We will show first that 
flgg) implies 

Um j ^ 00 f Bj = f(x). 

It suffices to observe that 

\m Bj {f) - f B . | < \f(y) - f B . | dfi(y) 



fifBj) fi(2Bj) J Bi 
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Next, let x and y be two points as in the lemma. Take B = B(x,r) 
any ball with r < \x — y\ and let U = B(x, 2 \x — y\). Now define 
Bk = B(x,2 k r), for < k < k, where k is the first integer such that 
2 k r > \x — y\ . Then 



fc-i 



k=0 



\f B - fu\ \ f B * ~ I + \ f B k ~ f u \ 

k 

< C 1 ^{2 k r) a < CC 1 \x-y\ 



k=0 



where C is independent of x and B. 

A similar argument can be made for the point y with any ball B' 
B(y, s) such that s < \x — y\ and V = B(y, 3\x — y\). Therefore 



\f B - f B >\ < \f B ~ fu\ + \fu - fv\ + \fv -f B >\< C"C X \x 



y\ 



Finally, take two sequences of (3— doubling balls Bj = B(x,Tj) and 
Bj = B(y, Sj) with rj — > and Sj — > 0. We have 



l/(*)-/(v)l 



lim 



f B , — f. 



< C"C X \x - y\ a . 

(I) is immediate 



(II) (HI). It is immediate. Note also that (II) 
as well. 

(III) (I). Define first f B = m B (f). Then is exactly 
To prove (|2.2|), we write 



H(2B) 



\f(y)-f B \ Mv)< 



i 



B 



V{2B) 



\f(y)-f B \ p K B ) 



B 



VP 



< 



KB) 



1 



u,{2B) \n(B) J B 
This concludes the proof of the theorem. 



\f{y)-f B \ p My) <c( P )r a . 



i/p 



□ 



Remark 2.4. Theorem [2.3| is also true if the number 2 in condi- 
tion (I) is replaced by any fixed p > 1. In that case, the proof uses 
(p, 0)— doubling balls, that is, balls satisfying p(pB) < /3fi(B). How- 
ever this extension is not needed in our paper. 

The idea of combining the mean oscillation condition with an extra 
condition as in (I) originates in the work of Tolsa [ lb3 | on regular BMO, 



whereas the introduction of the p factor in (I) comes from ||NTV3 
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Definition 2.5. We shall call Lipschitz function of order a with respect 
to n to a function, or rather the corresponding Lebesgue class in L 1 1 oc (/i), 
which satisfies any, and hence all, of the conditions of theorem [2.3| . 

The linear space of all Lipschitz functions of order a, with respect to 
/i, modulo constants, becomes, with the norm inf of Theorem [2.3| , a 
Banach space, which we shall call £ip(a,/i). 

Remark 2.6. It is easy to see that £ip(a,fi) coincides with the space 
of Lipschitz functions of order a on the support of fi. 

Note that by the extension theorem of Banach (see [[B| or ||Mi|| ), any 
Lipschitz function of order a with respect to \i has an extension to M. d 
that is a Lipschitz function of order a with an equivalent norm. 

Remark 2.7. For < a < 1, a telescoping argument like the one used 



in the proof of (I) =>- (II) in Theorem |2.3| shows that (|2.3| ) is equivalent 
to 

(2.7) \f B -fu\ < C;radius(t/) Q 

for any two balls B C U. Furthermore (|2.7|) is also equivalent to 

(2.8) \f B - f v \ < C'lK BiU mdms(U) a , 

for any two balls B C U, where K B ,u is the constant introduced by X. 
Tolsa in |To3| , given by 

k„, b - 1 + 2^ pjep 

with N b ^jj equal to the first integer k such 2 fc radius(S) > radius(£7). 



Indeed ( |2.8| ) for comparable balls, that is, for radius(f/) < 2radius(5), 
reduces to ( |2.3| ) because, in this case, K B U is controlled by an absolute 
constant. 

Note that ( |2.2p and ( |2.8| ) make sense also for a = and the space 
defined by them is the space RBMO(fi) of X. Tolsa (see ||To3] |). There- 
fore, the spaces Cip(a,fi), < a < 1 can be seen as members of a 
family containing also BBMO(fi). 



3. Calderon-Zygmund operators 

Definition 3.1. An "n-dimensional" standard kernel K on M. d will be 
a function K £ Ll oc (R d xM. d \{(x,y) : x = y}, fi x /i), satisfying the 
following two conditions for some constants C > and e £]0, 1]: 
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ill 



c 

\K(x,y)\ < — , for all x ^ y and 

\x — y\ n 

\K(x,y)-K(x',y)\<C- — — for \x - y\ > 2 \x - x'\. 



When we want to be precise about e, we shall say that K is an 
n— dimensional, e— regular, standard kernel. 

Definition 3.2. By a Calderon-Zygmund operator on M. d with respect 
to fi, we shall mean a linear operator T, bounded on L 2 (fi), which is 
associated to an n— dimensional standard kernel K in the sense that 
for every / G L 2 (fi), with compact support 

Tm = ! K {x , y) m M y), .-almost eve ry , 6 # \ S upp /. 

Remark 3.3. We have not required e— regularity of K in the second 
variable, as is usually done, because we do not need it for proving 



Theorem 3.6 



The definition of a Calderon-Zygmund operator T can be extended 
to Lipschitz functions in the following way: 

Definition 3.4. Assume that T is a Calderon-Zygmund operator as- 
sociated to fi having an e— regular kernel. First, for each ball B, with 
center Xb, x G B and / G £ip(a,fi), < a < e, we define 

(3.1) T B (f)(x) 

= T(f X 2B)(x) + [ (K(x, z) - K(x B , z)) f(z) dfi(z) 



Now T(f) is defined as the class of all functions g on IR d such that for 
any ball B there is a constant cb satisfying 

g(x) = Ts(f)(x) + cb yU — almost everywhere on B. 

Remark 3.5. In order to see that T(f) is well defined, it suffices to 
realize that if B C V are balls, then Ts(f) — Ty(f) is constant /x— 
a. e. over B. Then, considering an increasing sequence of balls whose 
union is M. d , we can see that there is a function g such that g — Tg(/) is 
constant \i— a. e. on B for each ball B in the sequence. Consider now 
any ball B. Since this ball B is contained in some ball of the sequence, 
by our previous observation, g — Ts(f) is constant /i— a. e. on B. 

Theorem 3.6. Let T be a Calderon-Zygmund operator associated to /i 
having an e— regular kernel and < a < e < 1. Then T is bounded on 
Cip(a,fi) if and only ifT(l) = in Cip(a,fi). 



CALDERON-ZYGMUND OPERATORS FOR NON-DOUBLING MEASURES 7 

Proof. The fact that T(l) = in Cip(a,fi) is a necessary condition 
follows immediately from the fact that HlH^^) = 0. 

To prove that this condition is sufficient, take / e Cip(a, /a) and two 
balls B C U with radius (U) < 2r, where r is the radius of B. We want 
to show that there are two constants as and ajj such that 



(3 - 2) y B |Tf/(/)(x) ~ aBl Mx) - c r " 

and 

(3-3) \aB-av\<C\\f\\ CipM r a 

with C independent of B, U and /. 

Since T(f)(x) = Tu(f)(x) + cu on U, where cjj is a constant, then 
( |3.2j ) and ( |3.3| ) follow for T(f) with constants a' B = as + cu and ol v = 
a v + c v . 

By the hypothesis T(l) = 0, we can assume that f 2U /d/i = 0. Let's 
now define 

1 



aB = J^2B) ' T u(f)( x ) d ^( x ) 



B 



H(2B) 



and, similarly ay with U instead of B. Observe that 
\T v (f)(x) - a B \ dfi(x) 

- ~7^\ I \ T uU')(x)\ dii{x) + — — I \a B \ dLi(x 

; 1 



< 2 ^V / \Tu{f){x)\ Mx), 



since — -r- < 1. On the other hand 
li(2B) ~ 

\ a B ~ au\ < JJ7^ jf |7V(/)(a;)| d^(ar) + -^yy J \T u (f)(x)\ dii{x). 

Now we want to estimate the quantity 

(3-4) [ \Tu(f)(x)\ dp{x), 

where B can also be U. To do that we write 

T V (f)(x) = T(f X 2B)(x)+T(f X 2U\2B)(x) 

(k(x, z) - k(xjj, z)) f(z) dfi(z). 
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We then have 
1 



M2£) Jb 
1 



< 



fi(2B) 
1 



Tu(f)(x)\ dn(x) 
\T(f X 2 B )(x)\ dpi(x) + 



H(2B) 



H(2B) 

(k(x, z) - k(xu, z)) f(z) dfi(z) 



\TUX2U\2b)(x)\ dfi(x) 

dfi(x) = A 1 +A 2 +A 3 . 



To estimate A ± , we use that T is bounded in L 2 {ji) and the fact that 

\m 2B (f)\ < C ||/|| £ip(a(u) r a , which follows from 

\m 2B (f) - m 2U (f)\ < C \\f\\ CipM r a and m 2U (f) = 0. We have 



l*(2B) 



\T(f\2u)(.r)\ <l//(.r)< ( / \T{f X2B ){x)\ 2 dpt(x) 

1/2 ^B f' 2 
H{2B) 



1/2 



p{2B) 



< C 

+ c 



< c 
1 



J \fX2B? d/i 



fi(2B) 
1 



\f(z)-m 2B (f)\ 2 dfi(z) 



2B 



1/2 



|^2b(/)| 2 dfj,(z] 



2B 



1/2 



< c 



Cip(a,fi) 



r a . 



For A 2 , note first that in case B — U, A 2 doesn't appear. Otherwise, 
since x supp (/x2U\2b) and n(2U) < C(4r) n , we have 



\-r I I \k{x,z)\\f{z)\d^z)d^x) 
La ) JB J2U\2B 

\f(z)\M*)M*) 



H(2B) 



H(2B) 



C_ 

B r J2U 



< C 



H(2U) 1 



\f(z)-m 2U (f)\d^z)<C\\f\\ 



r» v(2U)J 2U 

Finally for A 3 using the e— regularity of the kernel, we have 



A, 



Ib Ir c 





X — X u 


e 


\x v - z 


n+e 



< c 



KB) 
H{2B) 



\f{z)\ M*)M*) 



Cip(a,fi) — 



Cip(a,fj.) 
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The inequalities above are justified by the fact that, for z ^ 2U 

1 



\f(z)\ = \f(z)-m 2U (f)\< 



and also, that 



\f(z)-m\Mv) 



2U 



\Z - Xu\ 



< (2\z-xu\y UJ n £ip(QiAt 



sec 



GG|| ) . This concludes the proof of the theorem. 



□ 
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